Out-of-loop absolute phase noise/timing jitter measurement methods
For the out-of-loop assessment of absolute phase noise in repetition-rate, two different methods are used in a complementary way. Figure S1 shows the schematic of measurement setup. First, we built another fibre-delay line-based interferometer setup and used it for the out-of-loop phase detector S1 ( Fig. S1a ). 2-mW optical power from the mode-locked fibre laser is applied to the out-of-loop fibre-interferometer system. The baseband frequency noise signal from the mixer output is measured and converted to the equivalent phase noise spectral density. Note that frequency drift of the two independent interferometer systems is so low that slow feedback loop is not required during the measurement time up to 20 min. As the frequency noise detection sensitivity can be expressed as
where pk V is the low-pass filtered mixer output voltage amplitude of interference pattern, f is Fourier frequency, and τ is the round trip delay time between the two arms in the interferometer S2 , the measurement sensitivity is degraded for Fourier frequency above the first null at 1/τ. As shown in Eq. 1, because null points in the interferometer sensitivity happen at every integer multiple of the inverse delay time (e.g., 82 kHz and its harmonics in this work) S3,S4 , the delay-line measurement shows many spikes in every integer multiple of the inverse delay time, which is not real laser noise but a measurement artefact (see the measurement result in Fig. S2 ). As a result, we use the measured data by the out-of-loop fibre-delay line only for <60 kHz Fourier frequency. For above 60 kHz Fourier frequency, we use the well-established balanced optical cross-correlation (BOC) method S5 . The BOC method requires two independent modelocked lasers for timing comparison. Therefore, we additionally built an independent free-running mode-locked Er-fibre laser, which was designed in a similar way with the stabilized mode-locked laser. Above ~60 kHz Fourier frequency (locking bandwidth of the fibre-delay line-based stabilization), the stabilized laser and the free-running laser will have a similar level of timing jitter/phase noise spectral density. Therefore, the BOC measurement between the stabilized laser and the free-running laser sets the upper limit in timing jitter spectral density of the stabilized laser above ~60 kHz Fourier frequency.
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In order to crosscheck the validity of fibre-delay line method for measuring timing jitter and repetition-rate phase noise, we compare the delay line measurement result with the BOC result. Figure S2 shows the timing jitter/repetition-rate phase noise spectra of free-running mode-locked Er-fibre lasers measured by two different methods.
The delay line result for the higher-jitter laser and the BOC result show a good agreement below 82 kHz (1/τ frequency for 2.5-km delay), which confirms the validity of fibre-delay line method for measuring timing jitter and repetition-rate phase noise spectra within 1/τ frequency. As discussed in page 1 of Supplementary transfer function (Eq. 1).
Figure S2 | Comparison of timing jitter measurement results of free-running mode-locked
Er-fibre lasers.
Scalability in phase noise/timing jitter spectra
Wavelength spacing: In order to improve the phase detection sensitivity and therefore the achievable stabilization performance, the wavelength spacing (λ 1 -λ 2 ) can be 5 increased. As the detection sensitivity of repetition-rate frequency noise is proportional to the frequency difference between the used spectral ranges, (m-n)f rep , for the best performance, it will be desirable to use as wide frequency difference as possible, which is allowed by the spectrum of the used mode-locked laser.
Scaling by delay time:
In addition, since the absolute frequency noise of the comb modes is amplified by the delay time, longer delay line makes higher measurement sensitivity below the Fourier frequency of inverse delay time (1/ τ):
, where pk V is the low-pass filtered mixer output voltage amplitude of interference pattern and τ is the round trip delay time between the two arms in the interferometer. However, the interferometer transfer function has null points at every integer multiple of the inverse delay time (as shown in Eq. 1). As a result, the first null point at 1/τ Fourier frequency sets the limitation in the achievable locking bandwidth. There should be a trade-off between the achievable sensitivity (which is proportional to τ) and the achievable bandwidth (which is proportional to 1/τ), depending on the intrinsic repetition-rate phase noise level of the used free-running mode-locked laser. Despite the restriction in the achievable locking bandwidth, one important advantage of using long fibre-delay line as a means for repetition-rate stabilization is that it is nearly laser repetition-rate independent, due to much smaller 1/τ frequency (e.g., ~100 kHz for 2-km long fibre delay) compared to the free spectral range of typical ultrahigh-Q cavities. By slightly tuning the repetition-rate of the laser and/or tuning the length of fibre-delay line, one can easily find the right locking point regardless of the intrinsic repetition-rate of the used mode-locked laser.
Impact of scattering-limited RIN:
Although longer fibre length makes more sensitive detection sensitivity, it also increases scattering-limited RIN. Therefore, the scattering issue should be also considered. As shown in Fig. 3 of main paper, in our experiment, the stabilized timing jitter/phase noise performance for >20-Hz Fourier frequency range 6 with shielding box and vibration isolation was mostly limited by the Rayleigh scattering-limited RIN floor at 100 MHz (which is 2f m for synchronous detection). As experimentally studied in ref. S6 , Rayleigh scattering-induced RIN spectral density (with 1/Hz unit) at >1-MHz frequency is almost proportional to the fibre length (L). Our system also had the same scaling factor as the synchronous detection is performed at 100 MHz. As the RIN-projected phase noise spectral density (with rad 2 /Hz unit) is proportional to 1/L 2 below the 1/τ Fourier frequency, it means that longer delay line can improve the stabilized repetition-rate phase noise performance when limited by the Rayleigh scattering-induced RIN.
Impact of power-dependent RIN:
It is also worthwhile to note that optical power dependent RIN by the long fibre also influences the stabilized phase noise/timing jitter spectra. When the input power to the fibre link increases, the Rayleigh scatteringinduced RIN gets lower at >10-kHz S7 . However, when the power level exceeds the threshold of stimulated Brillouin scattering, the RIN increases rapidly S7 . As a result, in our experiment, 6 mW input power to the delay arm enabled the lowest RIN and the best stabilization performance, which is also consistent with the results shown in ref. S7 .
Projected performance when a lower-jitter mode-locked laser is used: The 2.5-km delay length in the main paper is the optimized length for minimizing the total integrated jitter when a mode-locked laser with ~840-as high-frequency [10 kHz -10 MHz] jitter is used. If a mode-locked laser with lower intrinsic timing jitter is used, we can reduce the necessary locking bandwidth and increase the delay length, which in turn will improve the stabilized repetition-rate phase noise performance. Figure S3e shows the fractional frequency instability in repetition-rate for each case, calculated from the measured phase noise spectra S9 . With shielding case and vibration isolation, the minimum frequency instability reaches 1.7ⅹ10 -13 at 0.1-s 9 averaging time, and it rapidly increases to 5.3ⅹ10 -13 at 1-s averaging time due to thermal drift. Note that the fractional frequency instability of the repetition rate follows the fractional optical path length stability of the fibre spool (δL/L). As the temperature coefficient of the fractional optical path length is ~10 -5 /K for typical fibre S10 , the temperature change can be very low in short-term time scale (e.g., <1 s) if a sufficient thermal isolation is used. Our result of 5.3ⅹ10 -13 Allan deviation at 1-s averaging time means that temperature change is below 70 nK in 1-s time scale. With the shielding case and vibration isolation platform, the measured linear frequency drift is 2.5 Hz/s at 2.5
THz. Note that even without vibration isolation platform, the frequency instability can the-art room-temperature microwave generators. Therefore, this simple all-fibre-optic signal generator can be a compact, stand-alone source for applications that require both ultralow-noise optical pulse trains and microwaves, such as master oscillators for freeelectron laser (FEL) timing and synchronization S14 , master sources for photonics radars S15 and time-of-flight-based ranging S16 , and sampling clocks for photonic analogue-to-digital converters S17 and down-conversion receivers S18 to name only a few.
Implementation at other wavelength ranges. Although the demonstration was performed at 1550-nm telecommunication wavelength in this work, we believe that the method can be extended to other wavelengths as well, including 1-µm (Yb-comb) and 800-nm (Ti:sapphire comb) ranges. In our experiments, we found that dispersion compensation and pulsewidth are not critical factors in obtaining high SNR. As long as the pulses overlap well with proper group delay adjustment for the two wavelength components, high SNR could be obtained, regardless of the pulsewidth after long fibre.
Therefore, we believe that our method may be applicable to other wavelengths as well.
The important issue is to independently adjust the group delays for the two wavelength components for effective interference, which can be performed by wavelength split, independent delay length tuning, and recombination.
